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Abstract

The purpose of this research was to determine the contributions to the
Sunyaev-Zeldovich effect from supernova winds at high redshift. In order to
accomplish this, the shells were modeled individually to study the depen-
dance of their behavior on the basic input parameters of the system, such as
initial redshift and initial dark matter halo mass, especially at asymptotic
bounds. Finally, the Compton y-parameter of the supernova winds can be
found using the modeled results for the amount of energy lost via Compton
cooling relative to the total amount of energy input by all the supernovae.
The final calculation for the y-parameter is still in progress, but the model
behaves reasonably for modifications in parameters.

1 Introduction

The Sunyaev-Zeldovich (SZ) effect is the presence of thermal angular fluc-
tuations in the Cosmic Microwave Background Radiation (CMBR) that arise
from inverse Compton scattering of CMB photons in hot gas. The current
bound on the known anisotropy of the CMBR from the Cosmic Background
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Explorer (COBE) Far-Infrared Absolute Spectrophotometer (FIRAS) puts
the maximum SZ effect Compton parameter at y < 1.5 · 10−5 (Fixsen et al.
1996).

Early star formation occurred rapidly and resulted in massive stars. At
the end of their lifetimes, these star supernova, each one producing about 1051

ergs, which means that for a galaxy with a given fraction of star formation
fstar and a galaxy mass that is a fraction fgal of all the baryonic matter in
the halo, the total amount of energy generated is,

ESN =
1051 ergs

Msn

fescfstar(fgal
Ωb

Ωo

Mhalo) (1)

In this case, MSN represents the mass of star formation required per su-
pernova and fesc determines how much energy escapes the galaxy. For the
purposes of this model, these two values are combine into one parameter
νSN = MSN/fesc which governs all parameters of the generated supernova
energy.

These supernovae individually do not produce enough energy to be sig-
nificant to the surrounding universe. However, the beginning stages of star
formation within early galaxies create a sufficient amount of supernovae over
a short period of time that they can be approximated as a constant lumi-
nosity driving local material outwards. The result is a thin spherical shell of
material that is propelled by the supernova energy out of the central galaxy
and significantly past the virial radius of the halo. As this shell expands,
the interior cools through radiation, which at high redshift is dominated by
Compton scattering with the CMBR. This expansion can significantly alter
the local area as the shell ionizes the surrounding matter and distributes
metals throughout.

It has been proposed that these galactic winds produced by massive su-
pernovae may contribute a significant portion of the SZ effect through Comp-
ton cooling of the interior (Furlanetto & Loeb, 2003). The purpose of this
research was to determine whether this value is in fact significant around
the time of re-ionization by direct modeling of the behavior of these winds.
A previous calculation of this value was made analytically using parame-
ters determined from the Wilkinson Microwave Anisotropy Probe (WMAP)
which matched the COBE bound with y ∼ few · 10−6 (Oh, Cooray, &
Kamionkowski, 2003).

All models are generated using the standard ΛCDM cosmological pa-
rameters of Ωm = 0.3, ΩΛ = 0.7, Ωbh

2 = 0.019, σ8 = 0.9, n = 1, h = 0.7.
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Also, the redshift range defining the ”early” universe are constrained to be
between z = 15 and 7.

2 Supernova Wind Model

Because behavior of the winds and each individual supernova within the
galaxy is very difficult to model, I assume that the net input is a luminosity
that is a function of the age and total mass of the galaxy, and that the ejected
material is already blown into a thin spherical shell as it moves out of the
galaxy. While star formation is still occurring, more mass and energy is added
to the shell from the central galaxy. As the shell continues moving outwards
it also accretes additional baryonic matter through perfect inelastic collision
with the surrounding matter. The kinetic energy can either be immediately
radiated away, referred to as shock cooling, or some fraction fd is radiated
back to the interior of the shell where it contributes additional energy to the
expansion. The majority of the mass swept up by the winds remains in the
outer shell, but a small fraction fm leaks into the interior. The shell expands
until it’s velocity drops to that of the Hubble flow, at which point it expands
with the rest of the universe.

2.1 System Initialization

The initialization of the shell is dependent on the approximate parameters
that govern the distribution of matter within the halo and the behavior of
the supernovae themselves. Within the halo, dark matter is assumed to be
in a singular isothermal sphere, a 1/r2 density profile. Additionally, there is
the fsw parameter, which defines what fraction of the total galaxy mass will
eventually be added to the shell during the process of star formation.

In the simplest case, luminosity is constant for the period where t < tsf
and then shuts off instantly, without decay. This constant luminosity is then,

Lsn =
Esn

tsf
= 3.15 · 1043 (

fstarfgal
Ωb

Ωo
Mhalo

tsfνsn
) ergs s−1 (2)

There are two initialization methods used based on the concentration of
baryons within the central galaxy. In both cases, since, as mentioned earlier,
it is difficult to model wind behavior within the galaxy, the shell is initialized
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with a starting radius equal to that of the galaxy. This is the scale length

Rd =
λ

√

(2)
Rvir, (3)

where Rvir is the virial radius of the halo, and λ = 0.05 (Furlanetto & Loeb,
2003).

If it is assumed that the baryons are not highly concentrated in the center
galaxy, then the initial galaxy and shell masses are defined by set parameters
fgal and an additional fshell. The time since the beginning of star formation
is determined from the density and luminosity according to the self-similar
wind-fed solution of Ostriker & McKee (1988), and the initial velocity and
pressure result in turn from this time in combination with the radius and
mass. In this case, the remaining baryons not within the galaxy also match
the singular isothermal sphere density profile.

However, for more accurate comparison between these results and pre-
vious work, the results shown later on were all generated assuming that all
baryons within the halo collapsed into the central galaxy (fgal = 1.0). In this
case, an initial velocity is derived from the starting parameters (Springel &
Hernquist 2002)

vinit = 7.23 · 10−6(
fstar
νsnfsw

)
1

2 kpc yr−1 (4)

With the standard set of parameters used for all the shells modeled for
this paper (Table 1), this is vinit = 222.961km/s. Time elapsed since the
beginning of star formation is calculated assuming constant velocity up until
this point, and it is assumed that all energy already output by the super-
novae is divided evenly between thermal and kinetic energy (which in turn
determines the shell mass).

Table 1: Standard Parameters for the Supernova Wind Model

fm 0.1
fstar 0.1
νsn 126M⊙/0.25 = 504M⊙

fsw 2 ∗ fstar = 0.2
tsf 107 years
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Outside of the halo, it is assumed that the baryon and dark matter dis-
tribution very quickly returns to uniform at the critical density. Therefore,
the final function for u, the velocity of matter added to the shell is,

u =

{

0 r ≤ rvir
Hr r > rrvir

2.2 Shell Expansion

Once initialized, the expansion of the shell can be described using the
following three equations:

ṁ = 4πr2ρ(ṙ − u) + fsw
Mgal

tsf
Θ(tsf − t) (5)

r̈ = −G
Menc

r2
+

4πr2

m
(p− pext) + ΩΛ(z)H(z)2r −

ṁr>rv

m
(v − u) (6)

ṗ =
L

2πr3
− 5

ṙ

r
p (7)

The first equation (5) describes the mass that is added to the system from
both sources - the central galaxy and the surrounding universe. The first term
represents the portion accreted through inelastic collision, and results from
the fact that the critical density of baryonic matter is dependent on redshift.
The second is the constant addition of matter from the central galaxy, and
shuts off when t > tsf .

The second equation (6) describes the acceleration, and is the result of
the four forces acting on the shell during its expansion. The first term results
from gravity, the second is the outwards force due to pressure, F = pA, where
outside the shell, the shell experiences a resistant external pressure from the
surrounding gas. This pressure is assumed to be that of an ideal gas with a
temperature of 104 K. The third term is the expansion term due to Λ, and
turns out to have a very small effect on the end behavior. The final term is
the drag force, where ṁr>rvrepresents the fact that this terms is only from
the change in mass due inelastic collisions with baryonic matter encountered
when the shell leaves the halo.

The third equation (7) is the change in pressure, and arises from conser-
vation of thermal energy of the hot interior plasma.

Eth = 2πr3p
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Ėth = L− p
dV

dt

The important consequence of this equation is the sensitivity of the sys-
tem to the net luminosity.

Lnet = LinΘ(tsf − t) + Ldiss − Lcomp − Lbrem − Lion (8)

The luminosity input to the system by the supernova is actually not as
simple as Esn/tsf . As new material is added to the shell from the central
galaxy, a certain amount of energy is required to bring the material up to the
shell’s current radius and velocity from assumed initialization at the galaxy
radius. The result is

Lin = Lsn −
1

2
ṁt<tsf (v

2
−

2GM

r
+

2GM

rinit
),

where ṁt<tsf represents that this is only the change in mass due to additions
from the central galaxy.

The dissipation energy represents the fraction of kinetic energy lost during
the inelastic accretion of matter that radiates back in the interior of the shell:

Ldiss =
1

2
fdm(v − u)2

Of the three radiation terms, at high redshifts, energy lost via Comp-
ton scattering is significantly higher than that lost through bremsstrahlung
radiation and ionization of surrounding material.

Lcomp ∝
(1 + z)4

(1 + zinit)1.5
r3p (9)

The Compton luminosity is therefore dependent on the initial redshift when
the shell forms and the thermal energy of the shell, as well as quickly de-
creasing as redshift decreases (and the temperature of the CMB decreases).

2.3 Energy Distribution

The final energy of the system will exceed the total amount of energy
input by the supernova due to the initial kinetic energy of the material ac-
creted outside of the halo because it is already moving with the velocity of
the Hubble flow. In order to confirm that energy is conserved within the
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system, it is necessary to factor in the energy contributions from the initial
states of the accreted material as well as indirect energy loss not included in
the radiated energy term.

The energy of the system at any point is the sum of its kinetic and thermal
energy, gravitational potential energy, and energy lost from the system.

E = Ekinetic + Ethermal − Ugrav + Elost (10)

Therefore, the change in energy of the system at any time is

Ė = Ėk + Ėt − U̇g + Ėlost =
1

2
ṁsv

2 +mvv̇ + 6πr2ṙp

+2πr3ṗ−G(
Ṁencms

r
+

Mencṁs

r
−

Mencms

r2
ṙ) + Lrad + Lsc,

where Lsc is the shock cooling luminosity, the fraction of the dissipation
energy that radiates away instead of into the shell. Using the differential
equations that define the shell’s motion (5), (6), and (7) this reduces to

Ė = Lnet + (Lrad + Lsc) +
1

2
ṁsv

2
− 4πr2vpext + ΩΛ(z)H(z)2msvr

−ṁr>rvv(v − u)−G(
Ṁencms

r
+

Mencṁs

r
).

To demonstrate the final distribution of the energy of the system it’s best to
then replace the net luminosity (8) with its components and equate this to
(3). The final result is

Lin +
1

2
ṁr>rvu

2 = Ėk + Ėt + Llost +G
Mencms

r2
ṙ

+4πr2vpext − ΩΛ(z)H(z)2msvr (11)

The end result is that the energy input by the supernova and the initial
kinetic energy from the matter outside the halo, as well as a small portion
from the Hubble expansion of the universe, is partly conserved in the kinetic,
thermal, and gravitational potential of the new shell. The rest is lost through
radiation and shock cooling, overcoming the external pressure of the infall
gas, and through the energy required to shift new material from the galaxy,
during the period of star formation, up to the shell’s current position.
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Figure 1: Behavior of a shell with a total halo mass of 108M⊙ and
initial redshift of 15, comparing fd = 0.0 (solid line) and fd = 1.0
(dashed)

3 Results

The end behavior of a standard shell is demonstrated in Figure 1. While
star formation is still occurring, there is a driving positive luminosity within
the system and it rapidly expands out past the halo. Once the star formation
stops and the shell is colliding with increasing amounts of infall baryons, it
decelerates. Eventually the velocity matches that of the Hubble flow, at
which point the shell has reached it’s final size and is carried along with the
rest of the Hubble flow until the present day.

The radius and velocity plots shown in Fig. 1 also demonstrate the effect
of the dissipation parameter fd. In the case where fd = 1.0, the energy
lost from the inelastic collisions contributes an additional source of positive
luminosity and the shell can extend for a significantly longer period of time.

3.1 Asymptotic Behavior

The final size of the generated shells as a function of mass and redshift
is shown in Figure 2. The mass range is bounded by the minimum mass
for a baryonic over-density large enough to collapse into a galaxy capable of
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Figure 2: Final radius of a shell vs. initial halo mass. Varied by
initial redshift, starting with z0 = 20 (dot-dashed), 15 (dashed), 10
(solid), and 5 (dot)

undergoing star formation. This minimum mass is

Mmin = max(Mcool(z),Mfilter(z)),

where Mcool is the mass required for temperature high enough for significant
radiative cooling and Mfilter is the modified Jean’s mass limit.

At lower redshifts, the critical density of the universe decreases, which
then leads to larger shells since they will accrete less matter and therefore
lose less energy from collisions. However, in all cases there is a sharp asymp-
tote past which if shells are capable of forming at all, they are significantly
smaller, and constrained to within their halo. This is the case because as
mass increases, total input supernova energy increases ∝ M , but gravita-
tional energy increases ∝ M2 since initial halo mass determines both the
mass of the shell as well as the remaining mass of the dark matter halo and
enclosed galaxy. Eventually there will be a point where initial net force is
negative and the luminosity from the supernova isn’t sufficient to keep the
shell from being dragged into collapse by the galaxy.

Between the minimum bound on the mass and the asymptotic maximum,
the final dependance of the radius on the redshift and initial halo mass can be
approximated by simplifying the energy of the system to the input sources
and the final kinetic energy, and assuming that the mass is dominated by
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accreted matter from the surrounding matter.

Esn +
3

10
fdMs(H(z0)r)

2 =
1

2
Ms(H(z0)r)

2

The fd parameter represents whether or not the initial kinetic energy of the
accreted matter can be included as an energy source, which is determined by
whether the shell receives non-zero dissipation luminosity.

Esn = cMs(H(z0)r)
2

Lsntsf = c (
4

3
πr3ρb(z0))(H(z0)r)

2

r ≈ 9.5238(
Mt

c(1 + z0)
)
1

5kpc

Where Mt is the total initial mass of the halo and c = 1/2 if fd = 0,
and 1/5 if fd = 1.This bound is significantly larger than those shown in Fig.
2 ranging from several hundred kpc to a few Mpc. However, the slope is
similar, suggesting that the proportionality,

r ∝ (
M

z
)
1

5

is an accurate description of the behavior. Using only four equally spaced
data points on the graph, the exponent relating mass to final radius is be-
tween .22 and .23 for all four redshifts shown, close to the predicted value.

3.2 Parameter Dependance

In order to understand how the individual parameters affect the Compton
energy contribution as well as the shell’s behavior as a whole, several similar
shell’s were modeled with small changes in the parameters. The best way of
understanding how their development changes is to look at the distribution
of the system’s energy over the shell’s lifetime.

The graphs in Figure 3 show the distribution of the total energy of the
shell, as a percent of the total input by the supernovae, differentiating be-
tween kinetic and thermal energy, work done by the force of gravity (referred
to as gravitational energy), energy lost through Compton scattering, and all
energy lost through any other form of radiation, including shock cooling.
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(a) Original shell (b) Initial redshift, z′
0
= 10

(c) Initial mass, M ′
0
= 5 · 109M⊙ (d) Change in dissipation, fd = 1.0

Figure 3: Comparison of energy distributions from shells with single
parameter variations from one with initial mass M0 = 108M⊙, ini-
tial redshift z0 = 15.0, and fd = 0.0. Sections are divided by where
the energy ends up: Compton scattering (red slash), other radia-
tion (blue slash), thermal (blank), work done by gravitational force
(boxes), and kinetic energy (green diagonal boxes).

11



Comparing the original shell to those with modified initial redshift and
mass, the behavior does not change drastically. In the case of a later initial
redshift (b), the Compton luminosity dependance on initial redshift, as shown
in (5), means that it contributes a smaller portion of the final energy. The
contributions of other forms of radiation fill in this portion, and the shell
expansion is approximately the same. In the case of larger initial mass (c),
gravitational force grows ∝ M2 since it determines not only the shell mass,
but the enclosed mass of the halo as well. Therefore gravitational energy is
a much larger sink for energy in the system, and dominates the final distri-
bution of the energy. In all these cases, thermal energy is only significant for
a small portion of time, if at all, since it quickly drops once star formation
ceases.

The case with significantly varied behavior is the case where fd = 1.0(d).
First, this shows how large the shock cooling radiation is, especially com-
pared to the other forms of radiation, bremsstrahlung and ionization, as the
radiation term that doesn’t include Compton energy is practically impossible
to see on the graph. The added positive luminosity source of the dissipation
energy ensures that thermal energy stays significant for a much longer period
of time, and this in turn means that Compton scattering also continues for
longer and makes up a larger final proportion of the energy of the system.
Finally, the total final energy of the system is larger due to the fact that the
shell extends further and therefore accretes substantially more material that
already had an initial kinetic energy available to the system. This large shift
in the amount of Compton scattering suggests that uncertainty in the value
of parameter fd will be one of the most significant contributors to the final
calculation of the Compton y-parameter.

3.3 Effects of Compton Cooling

Though touched upon as part of the fractional distribution of energy
in the previous section, in order to calculate the contributions of Compton
cooling, the order of magnitude total energy lost through this manner is
needed for an accurate estimation. The mass range over which contributions
are significant are constricted by two different relationships - the asymptotic
limits on halo formation, as shown in section 3.1, and the mass function of
halos as a function of redshift. The latter is the number density of halos of a
given mass by redshift, and for the purpose of this paper, the Sheth-Tormen
calculation is used.
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Figure 4: Mass function (Sheth-Tormen) by mass at redshifts z =
15 (solid) and z = 7 (dashed)

Graphing this density for redshifts within the expected range of the cosmic
dawn, gives Figure 4. As shown in the graph, in both cases there is a fast
decline in order of magnitude over the range of relevant masses constrained
by the halo conditions. Extending this pattern further, we can then assume
that even without the asymptote, if large halos could form and contribute
large amounts of energy, the very low statistical likelihood of these shells
existing constrains their final impact on the approximate value of the total
Compton y-parameter to be negligible.

To determine the overall contributions from all halos, the amount of en-
ergy lost through Compton cooling must be summed weighted by the halo
mass function.

EC(z) =

∫

dM
dn

dM
(M, z)EComp(m, z) (12)

The current results for the total Compton cooling by initial halo mass
Figure 5 show that initial redshift does not have a significant effect on the
total contribution in energy. The only change is a shift of the pattern over
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Figure 5: Total energy lost via Compton cooling by initial halo mass
at redshift z = 15 (solid) and z = 7 (dashed), both with fd = 1

to the right to account for the slight increase in the minimum and maximum
bounding masses at latter redshift.

3.4 Sunyaev-Zeldovich Contribution

The final step to this research, currently in progress, is the final Compton
y-parameter value that represents the total contributions of all supernovae
shell contributions to the SZ effect. This value, assuming that the super-
novae behave similarly and occur within a small range of redshift, can be
approximated as,

y = −
1

2

∆Tγ

Tγ

≈ −
1

8

∆Uγ

Uγ

≈ 5 · 10−6
10

1 + zSN

EC/nb

100ev
(13)
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Where zsn is the median redshift at which the supernovae are thought
to occur, and EC/nb is the total amount of energy from Compton cooling
per baryon in the universe. This second term is not directly calculated from
the model, but can be solved by using fC the fraction of energy from the
supernovae that goes is lost through Compton cooling. Then this equation
becomes,

y ≈ 10−6
10

1 + zSN

fCESN/nb

20ev

This ESN/nb term is easier to solve for using parameters that are already
defined by the model.

Q =
Nion

n̄Hv
= fstarfescfcollapseNγ (14)

This parameter Q is the fraction of the universe that is re-ionized, and
can be used to relate parameters similar to those used in the shell model
which are unknown, to known parameters Nγ = 4000, number of photons
per baryon in stars, and fesc = 0.1, photons that escape from the galaxy. To
find the needed value ESN/nb, we start with calculating the energy generated
by supernovae within some volume, V, of the universe.

ǫSNV = Mhalo
Ωb

Ω0

1051ergs

MSN

fstarfcollapse

ǫSNV = ρ̄bV
1051ergs

MSN

fstarfcollapse

ǫSN
n̄b

= mb

1051ergs

MSN

fstarfcollapse

ESN

nb

= mb

1051ergs

MSN

Q

Nγfesc

Assuming that the universe has been fully re-ionized, this solves toESN/nb

= 10.4145 eV. Therefore, the only necessary component for finding y is the
fC parameter, which varies by mass, the final result is

y(z) = 10−6
10

1 + zSN

fcESN/nb

20eV
≈ 4.33 · 10−7fC (15)
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4 Discussion

The result of this paper thus far has mostly focused on the behavior of
these matter shells as a function of the input parameters within the rea-
sonable ranges relevant to the early universe. As shown previously, some
fluctuations in parameters cause small shifts in behavior, such as in the case
of a change in early redshift. However, parameters that have direct influ-
ence on the energy distribution of the system such as initial halo mass and
especially the dissipation luminosity parameter fd can cause large shifts in
behavior that determine how long the shell is in a driven expansion mode
and how quickly it reaches its asymptotic radius. Initial results suggest that
the calculations of total Compton energy as a function of mass and redshift
are correct. At constant redshift, values increase until the asymptotic behav-
ior of the shell constricts the amount of expansion, therefore also decreasing
the amount of Compton cooling. As redshift is modified, the relationship
remains the same but shifts to match the expected changes in the relevant
mass range. The final calculation of the y-parameter shown in (15), suggests
that the result is obeys the bound of y < 1.5 · 10−5 proposed by COBE FI-
RAS, but is at least an order of magnitude less than the calculation made by
Oh, Cooray, & Kamionkowski, 2003. A more accurate calculation as a result
of this model is still in progress.
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